Quantum path-integral simulations of the hydrate solid structures have been performed using the recently proposed TIP4PQ/2005 model. By also performing classical simulations using this model the impact of the nuclear quantum effects on the hydrates is highlighted; nuclear quantum effects significantly modify the structure, densities and energies of the hydrates, leading to the conclusion that nuclear quantum effects are important not only when studying the solid phases of water but also when studying the hydrates. To analyze the validity of a classical description of hydrates a comparison of the results of the TIP4P/2005 model (optimized for classical simulations) with those of TIP4PQ/2005 (optimized for path integral simulations) was undertaken. A classical description of hydrates is able to correctly predict the densities at temperatures above 150K, and the relative stabilities between the hydrates and ice I h . The inclusion of nuclear quantum effects does not significantly modify the sequence of phases found in the phase diagram of water at negative pressures, namely I h →sII→sH. In fact the transition pressures are little affected by the inclusion of nuclear quantum effects; the phase diagram predictions for hydrates can be performed with reasonable accuracy using classical simulations. However, for a reliable calculation of the densities below 150K, the sublimation energies, the constant pressure heat capacity and the radial distribution functions, the incorporation of nuclear quantum effects is indeed required. 
I. INTRODUCTION
Gas hydrates are ice-like inclusion compounds formed from a matrix of water that encapsulates small inert 'guest' molecules, for example Ar, Xe, H 2 , CH 4 or CO 2 . Such structures are usually only stable under sufficient pressure 1, 2 . Hydrates are classified as sI, 3 sII, 4 and sH 5 . The particular structure adopted depends on the guest molecule [6] [7] [8] . Methane hydrates are receiving significant attention given that they are a potentially important fuel source 9-17 .
Experimentally it is not possible to study empty hydrates since they are thermodynamically unstable; the guest molecules play an important role in stabilising these structures. However, they can be studied in computer simulations [18] [19] [20] [21] [22] [23] since they are mechanically stable.
There are several reasons to consider the study of the empty hydrates. The first is that, as they are less dense than ice I h , they could be the stable solid phases of water at negative pressures. In an earlier work 18 , the authors found that in classical simulations using the TIP4P/2005 model the solid structures sII and sH become stable in this region of the phase diagram. Similar conclusions were reached by Molinero and coworkers 19 using a different model of water 20 . Secondly, the differences in the thermodynamic properties (in particular the chemical potential) between ice I h and the empty hydrates play a central role within the widely used van der Waals-Platteeuw theory 24 . Obviously these differences can only be estimated from theoretical calculations or from computer simulations. Finally, it is interesting to point out that the lattice parameters of hydrates are mostly determined from the host water structure; the influence of the guest molecules on the lattice parameters is small at moderate pressures 6 .
Since water is a relatively light molecule (the eigenvalues of the inertia tensor are small) whilst at the same time having strong intermolecular interactions (hydrogen bonds) one may expect that nuclear quantum effects are important [25] [26] [27] [28] . This has been shown in a number of studies for liquid water [28] [29] [30] and in a few studies for ice I h 31 . Using path-integral simulations McBride et al. 25 have shown that nuclear quantum effects play a significant role in the densities and energies of many of the ice phases. Vega et al. 32 have recently studied the incorporation of these quantum effects in the calculation of the heat capacity for water and ice. In view of this, performing simulations of a certain model via both classical and path integral simulations is interesting, since it illustrates the trends that can be expected to occur upon isotopic substitution (the behavior of classical water would correspond to that of very heavy isotopes) 33, 34 . These studies throw light on just how much the properties of water are affected by nuclear quantum effects. In this work we shall perform both classical and path integral simulations of the hydrate structures sI, sII and sH using the same model to determine the importance of nuclear quantum effects on these solids. In particular we shall use the TIP4PQ/2005 model 25 , which was specifically designed to reproduce the properties of ices within path integral simulations. It will be shown that the model also provides a good description of the densities of the hydrate solids, and that nuclear quantum effects are indeed quite important in the hydrate structures.
There exists another route for comparing results from classical simulations with results from path integral simulations; instead of comparing classical and quantum simulations for the same model, one could compare classical simulations for a good classical model with quantum simulations for a good quantum model. A good classical model is one in which the parameters were fitted to experimental properties within classical simulations, so that, in some implicit way, quantum contributions form part of the make-up of the model [35] [36] [37] [38] .
In previous work we have shown that the TIP4P/2005 39 provides a good description of the solid phases of water, including the hydrates, when used in classical simulations [40] [41] [42] [43] [44] [45] [46] [47] [48] .
Similarly it has been shown that TIP4PQ/2005 is a good water model when using path integral simulations 25, 26 . with path-integral simulations will help to clarify the limits of classical simulations when describing solid phases of water, here in particular with regards to the hydrate structures.
All said and done, it is important to point out that the two models used in this work are rigid and non-polarizable. Obviously the inclusion of either polarizability and/or flexibility could modify somewhat the conclusions of this work. From the point of view of further improvements it is likely that intramolecular degrees of freedom (i.e., flexibility) should be included in the model, since these provide a small, but probably significant, contribution to intermolecular interactions. This is due to the existence of competing quantum effects (i.e., a lower dipole moment of water in the classical treatment) as discussed recently by
Habershon et al. 49 , which would most likely narrow the gap between quantum and classical results.
The main focus here is to investigate the importance of the interplay between the inter-molecular forces (hydrogen bonding) and quantum effects related to atomic masses.
II. METHODOLOGY
In this study classical Monte Carlo (MC) simulations were performed for both the In the path integral formulation, the canonical partition function, Q N , of a quantum system of N molecules (described with P Trotter slices, or 'beads') can be approximated by 50, 51 :
. . .
The propagator satisfies the cyclic condition that bead P + 1 corresponds to bead 1. Here r t i are the Cartesian coordinates of the center of mass of replica t of molecule i and Ω t i are the Euler angles that specify its orientation. U t is the potential energy of the replica t of the system. In this work, we use a pairwise potential (u ij ) such that the potential energy of the replica t of the system is
As can be seen in Eq.1, each replica t of molecule i interacts with the replicas of the other molecules that have the same index t via the intermolecular potential u ij ; with replicas t − 1 and t + 1 of the same molecule i via a harmonic potential (connecting the center of mass r t i of the beads of molecule i ) with a coupling parameter that depends on the mass of the molecules, M , and on the inverse temperature β; and with replicas t − 1 and t + 1 of the same molecule through the terms ρ t−1,t rot,i and ρ t,t+1 rot,i which incorporate the quantum contribution of the rotation and that depend on the relative orientation of replica t with respect to t − 1, and t + 1 with respect to t.
One important variable used in path integral simulations is the number of beads (P ) 29, 31 employed. If P = 1 then the system is classical, whereas if P → ∞ then the full quantum system is retrieved. The number of beads should be chosen so that 54 :
where ω max is the 'fastest' frequency in the system of study. The number of replicas used for rigid models is lower than that used for flexible models 30, 49, 57, 58 because in path integral simulations of rigid models 31,59,60 the intra-molecular vibrations are neglected. For flexible models of water at 300K a typical number of slices is about P = 32. 61, 62 Recently a new method to reduce the computational cost for flexible systems with polarisable force fields has been developed. 63 We found that for a rigid model a reasonable choice is to assume the following relation 25 : P T ≈ 1500K. Thus in this work P ranged from 6 (at 275K) to 20 (at 77K) (see Table I ).
The internal energy can be evaluated from
and substituting the canonical partition function (Eq.1) results in
where Finally, the same methodology can be used to evaluate the partition function in the N pT
where A is a constant with units of inverse volume so that Q N pT becomes dimensionless. Anisotropic N pT simulations 71,72 (Parrinello-Rahman-like) were used both for classical MC and PIMC simulations. In both methods and for both water models, the pair potential was truncated at 8.5Å for all phases, and standard long-range corrections to the LennardJones energy and pressure were added 56, 73 . Ewald sums were employed for the electrostatic interactions with the real part of the electrostatic contribution truncated at 8.5Å.
The simulations consisted of a total of 100,000 Monte Carlo cycles (a trial move per particle plus a trial volume change) of which 30,000 were used for equilibration and the remaining cycles to evaluate averages.
III. RESULTS
If the lattice parameters of the unit cell are known from experiment, then the 'experimental' density of the empty gas hydrate can be estimated as being:
where n H 2 O is the number of water molecules per unit cell in the hydrate structure (sI, sII or sH), M is the molecular weight, N AV is the Avogrado's number and V c is the volume of the unit cell. In Table III A. Nuclear quantum effects in the empty gas hydrates
In Table III The results are presented in Table IV . The densities of the classical simulations are about ≈0.03 g/cm 3 higher than their quantum counterparts. The potential energies of the PI simulations are about ≈1.5 kcal/mol higher than those obtained from classical simulations.
The total kinetic energy is higher in the PI simulations (by about ≈1.3 kcal/mol) than in the classical simulations. The kinetic energy in the classical simulations is twice (3/2)RT since both translational and rotational degrees of freedom contribute (3/2)RT . Notice that the PI translational energies are slightly larger than (3/2)RT , but the PI rotational energies are substantially larger than (3/2)RT . This clearly indicates that nuclear quantum effects in water arise mostly from the hindered rotation of the molecule due to the formation of hydrogen bonds. The rotational kinetic energy is hardly affected by the temperature, so it does not contribute much to the heat capacity. The rotational energy obtained for the hydrate-like structures is similar to that obtained for the ice I h but it is slightly different from that found for ices II and V. Rotational quantum effects are slightly larger in the phases sI, sII, sH and I h (i.e higher rotational energies compared to the classical value) than in the ices II and V. This may be due to the different arrangement of molecules within the first coordination layer which is an almost perfect tetrahedron for the low dense ices (I h ,sI,sII,sH) and a distorted tetrahedron for the high density ices (II and V). We shall return later to this point. The total internal energy of the quantum system is about 2.6 kcal/mol higher than that of the classical system at 125K and about 3. We shall now consider the impact of nuclear quantum effects on the structure. In Fig Finally we shall consider the relative energies between ices at zero temperature and pressure. Path integral simulations cannot be performed at very low temperatures (since one would have to use a prohibitively large number of beads). According to the third law of thermodynamics 82 , the heat capacity must approach zero as the temperature is decreased.
In previous work 25 we used a fit of the form H = a 0 + a 1 T 4 which satisfies both the third law and the Debye law i.e C p ∝ T 3 . However, when analyzing the experimental values of the heat capacity of ice I h , we found that the Debye law applies only for temperatures below 15K. Also the experimental enthalpies up to the melting temperature are described much better by a cubic polynomial (with no linear term in temperature). In view of this Table V the relative energies (with respect to ice I h ) for these two types of simulations are presented.
The relative energies of the hydrates (sI, sII, sH) with respect to ice I h obtained from classical and path integral simulations are similar suggesting that for the low dense solid structures (I h ,sI,sII,sH) nuclear quantum effects affects in a similar manner to these type of solids. However, the relative energies of ices II, III, V and VI with respect to ice I h , are different in classical and path integral simulations, suggesting that nuclear quantum effects affect in a slightly different manner to the low and to the high density solid phases of water.
B.
Classical and quantum descriptions of empty gas hydrates.
From the results presented thus far, it is clear that nuclear quantum effects are important when studying empty gas hydrates. In Table VI In Fig. 4 The message is that a classical treatment cannot describe sublimation enthalpies of the solid phases of water.
In Table VII 
This equation was denoted as the zero-order approximation in our previous work 85 and provides a quick route to estimate transition pressures between solid phases at 0K.
This equation requires only the knowledge of the densities and energies of the solids at zero temperature and pressure. We have tested that the transition pressures at 0K
obtained from this simple approach are in excellent agreement with those obtained from more sophisticated free energy calculations 85 . In Table VIII Finally, once we know the enthalpy of the hydrates and of several ices at different temperatures it is possible estimate the heat capacity via
For the path integral simulations we used a fit of the form H = a 0 +a 1 T 2 +a 2 T 3 , whereas for the classical simulations we fitted the enthalpy to an expression of the form H = a 0 + a 1 T + 
IV. CONCLUSIONS
In this work path-integral simulations of the TIP4PQ/2005 model have been performed for the hydrate structures sI, sII and sH. The main conclusions are as follows :
• The TIP4PQ/2005 model is able to correctly predict the densities of the hydrate solids.
• By performing both classical and path-integral simulations of the TIP4PQ/2005 model it has been shown that nuclear quantum effects modify the density of the hydrates by about 0.03 g/cm 3 , the total energy by about 3 kcal/mol (half of the contribution due to the potential energy and the other half to the kinetic energy) and significantly modify the structure of the hydrates. The zero point energy of the TIP4PQ/2005 is estimated to be about 3.8 kcal/mol for ice I h , sI, sII and sH. Absolute energies of the solids obtained from the classical and quantum treatment are quite different, but the relative energies between I h and the sI, sII, and sH structures are rather similar. Ice I h becomes slightly more unstable with respect to sI, sII, and sH when using a quantum description. Overall, comparing classical and quantum simulations of the same model, it is clear that there are substantial differences, indicating the importance of quantum effects in water. Therefore, nuclear quantum effects should be taken into account to quantitatively describe hydrates when using the true potential energy surface obtained from first principle calculations [93] [94] [95] . The only exception is the relative stability between the low dense solid phases, which is not significantly affected.
• shown that classical simulations are capable of describing correctly the density of the hydrates for temperatures above 150K. Furthermore, the relative stability between ice I h and hydrates is well described by classical simulations. However, classical simulations cannot describe correctly the densities of the hydrates for temperatures below 150K. For the structure the classical simulations provide a qualitatively correct description, although to estimate accurately the height of the first peaks of the correlation functions the quantum treatment is needed. Neither do the classical simulations correctly predict the sublimation enthalpy nor the heat capacity.
• The importance of nuclear quantum effects on the solid phases of water can be rationalized by grouping the ices into three families. The first family is formed by the low dense solid structures (I h , sI, sII, sH), the second family by ices III, V and VI and the last family formed by ice II. Phase transitions between ices of the same family are not much affected by nuclear quantum effects (i.e the importance of nuclear quantum effects is similar for the ices of the same family). The importance of nuclear quantum effects (which increase the energy of a certain solid structure) decreases when moving from the first family to the last. The consequence is that when including quantum effects the region covered by ice I h on the phase diagram (in the p-T plane) decreases and the territory left is taken by ices II and III (i.e lower pressures for the I h -II and I h -III transitions). Also ice II will increase its presence in the phase diagram ( in the p-T plane) taking regions previously covered by ices (III, V and VI), and this is reflected in the higher II-V and II-VI transition pressures in the quantum system.
Returning to the issue of quantum effects on hydrates, it should be mentioned that common guest molecules such as methane or carbon dioxide essentially have classical behavior at the melting temperature of ice, it is expected that any nuclear quantum contributions in hydrates will arise mostly from water. Since the guest molecules can be described reasonably well using classical mechanics, one may expect that the magnitude of the nuclear quantum effects in the gas hydrate to be smaller than in the empty hydrate (not by a large amount, since hydrates contain approximately one guest molecule for each 6 water molecules) . This may explain the higher values of the thermal expansivity of the gas hydrate with respect to both the empty hydrate and ice I h 9 . In that respect the results presented in this work represent an upper limit for the magnitude of the nuclear quantum effects; the addition of the guest molecule would make the system somewhat more classical.
The impact of nuclear quantum effects on the fluid-solid equilibria of hydrates has not been considered in this work, and it would be of interest to study this issue in the future. 
